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Abstract

Fine-tuning a language model is a perturbation of its weights. We ask whether the spectrum of
that perturbation reveals that the fine-tune installed a misaligned objective, without any labeled
examples of the model behaving badly. We model the weight increment ∆W = Wft − Wbase

of a single layer as a diffuse random bulk plus a low-rank deterministic signal, and apply the
Baik–Ben Arous–Péché (BBP) phase transition for spiked covariance matrices. First, a planted
signal direction of strength θ produces an eigenvalue that detaches from the Marchenko–Pastur
bulk if and only if θ >

√
γ, where γ is the aspect ratio of the layer. Second, and centrally, at fixed

signal energy τ a perturbation is spectrally detectable if and only if its rank is below a critical
value r⋆ = τ/

√
γ: a concentrated update crosses the threshold while an energy-matched diffuse

update of higher rank stays invisible. Rank, not magnitude, is the discriminator. Third, above
threshold the leading sample eigenvector aligns with the planted direction with computable
overlap, so the test also yields a label-free estimate of the perturbation direction. We pair these
with a calibrated Tracy–Widom null, so the decision rule has controlled false-positive rate. The
theorems establish a conditional: given that a misaligned fine-tune deposits a low-rank signal
and an energy-matched benign fine-tune spreads its budget over higher rank, the spectral test
separates them. Whether real misaligned fine-tunes are in fact low-rank at matched energy,
while benign ones are diffuse, is an empirical claim, and measuring the benign-side rank is the
experiment on which everything rests. We give the construction, the estimator, the confounds
that can counterfeit a spike, and where the assumptions of the theory fail for transformer
activations.

1 Introduction
A practitioner is handed a fine-tuned language model and asked a hard question: does it carry
a hidden, misaligned objective? The strongest available white-box answers come from supervised
probes. Trained on labeled examples of a model lying or defecting, a linear probe reads deception
from the residual stream at very high accuracy [30, 32]. The difficulty is that the supervision is
exactly what one lacks. If one already possessed reliable labels for when a model pursues a hidden
goal, the detection problem would be largely solved. The binding constraint in practice is access
to such labels, and to the relevant distribution; the recent auditing literature makes this concrete,
finding that the decisive resource in surfacing a hidden objective was access to the training data
rather than the sophistication of any single interpretability method [31].

This motivates a different question. Fine-tuning is a transformation of the weights. Rather than
asking what the model says, we ask what the fine-tune did to the weight matrices, and whether
that leaves a structural trace that a misaligned update shares and a benign one does not. The
object we examine is the weight increment ∆W = Wft − Wbase, and the tool is the spectrum of
∆W . The hope is a test that needs no behavioral labels: a label-free, model-level verdict.
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This hope has precedent, and the precedents constrain what we can claim. Heavy-tailed self-
regularization reads a label-free, data-free fingerprint of model quality directly off weight spectra,
and its taxonomy already includes a “bulk plus spikes” regime [12]. Spectral outlier analysis detects
data poisoning from the singular structure of learned representations [29]. Random-matrix tools
have very recently been turned on transformer internals for hallucination and out-of-distribution
detection [28], and a closely related line ties weight spectra, activation covariance, and fine-tuning
together on real language models [14]. None of these targets misalignment, and none isolates the
structural question we pose. But they mean our contribution cannot be “use spectra to inspect a
model”; that ground is taken. The contribution has to be sharper.

Contributions. We make the following.

1. A random-matrix model of fine-tuning as a low-rank perturbation of a layer’s weight increment,
with the diffuse part of the update playing the role of the Marchenko–Pastur bulk and the
alignment-relevant part the spike (Section 4).

2. A detectability theorem: a signal direction of strength θ is spectrally visible exactly when
θ >

√
γ, with the eigenvalue location given in closed form (Proposition 5.1).

3. The central statement, the rank-at-fixed-energy discriminator: at matched signal energy, an
update is detectable if and only if its rank is below r⋆ = τ/

√
γ, so two energy-matched fine-

tunes of low and high rank are spectrally separated (Proposition 5.2). This is the part no
prior work isolates, because every prior result confounds the magnitude of an update with its
structure.

4. A label-free identification result: above threshold the leading sample eigenvector estimates the
planted direction with computable overlap (Proposition 5.4), and a calibrated Tracy–Widom
test with controlled false-positive rate (Proposition 5.5).

5. A subspace observable, the principal-angle distance between the leading eigenspaces of matched
models, intended to capture signal carried by eigenvector rotation rather than eigenvalue magni-
tude (Definition 5.6, Remark 5.7), calibrated by bootstrap, which addresses a known limitation
of scalar spectral statistics.

6. The limitations (Section 8): which assumptions transformer weights and activations violate,
why the activation-covariance instrument is weaker than the weight increment, a sign analysis
reconciling an apparently contradictory empirical result, and the experiment that the whole
program stands or falls on.

What is proved and what is assumed. The theorems of Section 5 prove an implication: if a
misaligned fine-tune deposits a rank-rm signal and a benign fine-tune of equal energy spreads its
perturbation over rank rb ≫ rm, then the spectral test separates the two, with the threshold and
the critical rank given explicitly. The antecedent, that misaligned updates are concentrated and
benign updates of equal energy are diffuse, is an empirical hypothesis. The supporting evidence
is suggestive but incomplete: emergent misalignment is mediated by a single, convergent linear
direction [18], a single rank-one adapter suffices to induce it [17], and emergent-misalignment weight
deltas occupy a shared low-dimensional subspace across tasks [21]. What no prior work measures
is the benign side at matched energy. That measurement is the linchpin of the empirical program
(Section 7), and the theory is written so that it owns only the implication.
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A note on the name. The project is named for an analogy with Fourier inspection of vision
models, but the mathematics here is spectral and random-matrix theoretic, not Fourier analytic. A
weight matrix carries no canonical periodic axis, so the discrete Fourier transform is not the natural
basis; the singular value decomposition is. We use the latter and reserve genuine Fourier analysis
for settings with group structure, where it is the correct basis, which is outside the static-detection
scope of this document.

2 Setup and notation
Fix a layer with weight matrix W ∈ Rp×q, and write Wbase for its value in a reference model and
Wft for its value after fine-tuning. The object of study is the increment

∆W = Wft −Wbase ∈ Rp×q.

Without loss of generality take q ≤ p (otherwise transpose), and set the aspect ratio

γ = q/p ∈ (0, 1].

We treat the p rows of ∆W as p observations in Rq and form the symmetric positive semidefinite
matrix

C =
1

p
∆W⊤∆W ∈ Rq×q.

The nonzero eigenvalues of C are the squared singular values of ∆W divided by p, so the spectrum
of C is a faithful and scale-controlled summary of the singular structure of the update. We write
λ1(C) ≥ · · · ≥ λq(C) ≥ 0 for its eigenvalues and v̂1, . . . , v̂q for the corresponding unit eigenvectors.

Energy. The energy of the update is its squared Frobenius norm, ∥∆W∥2F = Tr(∆W⊤∆W ) =
p Tr(C). Energy is a weight-space quantity, and it is the natural budget to hold fixed when
comparing two fine-tunes: a benign and a misaligned update that move the weights by the same
amount differ, if at all, in how they spend that budget across directions, not in how much they
spend.

Matched organisms. The comparison the theory is built for involves three models sharing a
base: Wbase; a benign control Wb obtained by fine-tuning on an alignment-neutral objective; and
a misaligned model Wm obtained by an otherwise identical recipe that installs the misaligned
objective. Write ∆Wb = Wb − Wbase and ∆Wm = Wm − Wbase, with associated Cb, Cm. The
control is energy-matched, ∥∆Wb∥F = ∥∆Wm∥F , so that any spectral difference is attributable
to the structure of the update and not to its magnitude. The need for this control, rather than
a comparison to the base model alone, is that any fine-tune moves the spectrum; a base-versus-
misaligned difference would only certify that fine-tuning occurred.

3 Random-matrix preliminaries
We collect the results we use. They are standard; we state them in the normalization of Section 2
and cite primary sources. Throughout, the asymptotic regime is p, q → ∞ with q/p → γ ∈ (0, 1].
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3.1 The bulk
Theorem 3.1 (Marchenko–Pastur law [1, 2]). Let X ∈ Rp×q have independent entries with mean
0 and variance σ2, and let S = 1

pX
⊤X. As p, q → ∞ with q/p → γ ∈ (0, 1], the empirical spectral

distribution of S converges almost surely to the Marchenko–Pastur law with density supported on
[λ−, λ+], where

λ± = σ2 (1±√
γ)2.

In particular the largest eigenvalue converges almost surely to the upper edge λ+ = σ2(1 +
√
γ)2.

The upper edge λ+ is the reference level against which a signal must compete: an eigenvalue is
“a spike” precisely when it sits above λ+.

3.2 The spike
The spiked model adds a fixed low-rank perturbation to an isotropic population covariance [3]. We
use the real, almost-sure form of the eigenvalue limit, due to Baik and Silverstein and to Paul; the
fluctuation result that names the transition is due to Baik, Ben Arous and Péché.

Theorem 3.2 (Spiked eigenvalue limit [5, 6, 4]). Consider data with population covariance Σ =
σ2(Iq + θ vv⊤) for a unit vector v and spike strength θ > 0, and let S = 1

pX
⊤X be the sample

covariance from p observations, q/p → γ ∈ (0, 1]. Then

λ1(S)
a.s.−−→

σ2 (1 + θ)
(
1 +

γ

θ

)
, θ >

√
γ,

σ2 (1 +
√
γ)2, θ ≤ √

γ.

The transition at θ =
√
γ is sharp: below it the leading eigenvalue is asymptotically indistin-

guishable from the bulk edge, and above it the eigenvalue detaches by a deterministic amount. The
eigenvector carries the complementary information.

Theorem 3.3 (Spiked eigenvector overlap [6, 7]). Under the conditions of Theorem 3.2, with v̂1
the leading sample eigenvector,

|⟨v̂1, v⟩|2
a.s.−−→


1− γ/θ2

1 + γ/θ
, θ >

√
γ,

0, θ ≤ √
γ.

The overlap rises continuously from 0 at the threshold to 1 as θ → ∞.

3.3 The null and the general bulk
To turn “the leading eigenvalue exceeds the edge” into a calibrated decision we need the null
fluctuations of the largest eigenvalue when there is no spike.

Theorem 3.4 (Tracy–Widom edge [9, 3]). For the null model Σ = σ2Iq with real Gaussian data
and q/p → γ ∈ (0,∞), there are explicit centering and scaling sequences µp,q, sp,q of order 1 and
p−2/3 respectively such that

λ1(S)− µp,q

sp,q
⇒ TW1,

where TW1 is the order-one (orthogonal ensemble) Tracy–Widom law. Concretely, with n = p

effective degrees of freedom, µp,q =
1
p(
√
p− 1 +

√
q)2 and sp,q =

1
p(
√
p− 1 +

√
q)
(

1√
p−1

+ 1√
q

)1/3.
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Finally, the perturbation results above presume the bulk is exactly Marchenko–Pastur. When
the diffuse part of the update is not isotropic, the bulk is some other compactly supported law µ,
and the transition is governed by the Cauchy transform of µ rather than the closed forms above.
Theorem 3.5 (Finite-rank additive perturbation [7]). Let Xp be symmetric with limiting spectral
law µ of bounded support and upper edge b, and let P be deterministic, symmetric, rank one,
with eigenvalue θ > 0. Let Gµ(z) =

∫
(z − t)−1 dµ(t) be the Cauchy transform. Then the largest

eigenvalue of Xp + P converges almost surely to G−1
µ (1/θ) if θ > 1/Gµ(b

+), and to b otherwise. A
finite, nonzero threshold exists precisely when µ has a square-root edge, fµ(t) ∼ c (b− t)1/2 as t ↑ b.

Theorem 3.5 is the form we fall back on when the Marchenko–Pastur idealization fails; it pre-
serves the qualitative phase transition for any square-root-edge bulk, at the cost of the closed-form
constants. The square-root-edge condition is the structural reason a sharp detectability threshold
exists at all.

4 A spiked model of fine-tuning
We now place the weight increment inside the spiked framework. The modeling content is a
decomposition of the update into a diffuse part and a structured part, together with the assumptions
under which the diffuse part behaves as a Marchenko–Pastur bulk.
Definition 4.1 (Diffuse-plus-signal decomposition). Write the increment as

∆W = N + S, S =

r∑
i=1

βi aib
⊤
i ,

where N ∈ Rp×q is the diffuse component, S is the signal of rank r = rank(S), the ai ∈ Rp and
bi ∈ Rq are orthonormal families, and β1 ≥ · · · ≥ βr > 0. The induced spike strengths in the
covariance C = 1

p∆W⊤∆W are θi = β2
i /(p σ

2), where σ2 is the per-entry variance of N (defined in
Assumption 1).
Assumption 1 (Isotropic diffuse bulk). The diffuse component N has independent, mean-zero
entries with common variance σ2 and finite fourth moment, independent of the signal directions
{ai, bi}.

Assumption 1 is the load-bearing modeling choice, and the reason we work with the increment
∆W rather than the raw weight W . Trained weight matrices are empirically heavy-tailed and not
Marchenko–Pastur [12], so an isotropic null on W would be mis-specified. The increment of a fine-
tune is a far smaller and more nearly unstructured object; for a benign update its bulk is plausibly
close to isotropic, which is exactly the regime in which Theorems 3.1–3.4 apply. We return in
Section 8 to the cases where even this is too strong, where Theorem 3.5 replaces the closed forms.
Assumption 2 (Structure hypothesis, to be tested). A misalignment-relevant fine-tune deposits
its signal in low rank, rm small, while a benign fine-tune of equal energy spreads a comparable
Frobenius budget over higher rank, rb ≫ rm.

Assumption 2 is not proved here and is not folklore. It is the empirical hypothesis the program
tests, and the theorems below deliver their conclusion conditional on it.
Remark 4.2 (Why energy is the right thing to fix). By Definition 4.1, the signal contributes ∥S∥2F =∑

i β
2
i = p σ2

∑
i θi to the energy. Holding the signal energy fixed is therefore holding τ :=

∑
i θi

fixed. The discriminator of Section 5 is precisely a statement about how a fixed τ is distributed
across r directions, which is why energy matching is built into the matched organisms of Section 2.
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5 Main results
5.1 Detectability
Proposition 5.1 (Detectability and location of a single spike). Under Assumption 1 and the
decomposition of Definition 4.1 with a single signal direction of induced strength θ, the leading
eigenvalue of C = 1

p∆W⊤∆W satisfies, as p, q → ∞ with q/p → γ,

λ1(C)
a.s.−−→

σ2(1 + θ)
(
1 +

γ

θ

)
, θ >

√
γ,

σ2(1 +
√
γ)2, θ ≤ √

γ.

Consequently the signal is asymptotically visible in the spectrum, that is λ1(C) exceeds the bulk edge
by a deterministic gap, if and only if θ >

√
γ.

Proof. The increment ∆W = N + S is a fixed rank-one perturbation of the rectangular random
matrix N , whose entries are independent with variance σ2 by Assumption 1. By the singular-value
phase transition for low-rank perturbations of large rectangular random matrices [8], the largest
singular value of ∆W detaches from the bulk edge of N exactly when the perturbation strength
crosses a threshold, and the squared singular values of ∆W , which are p times the eigenvalues
of C, obey the spiked transition. Equivalently, the rows of ∆W have second-moment matrix
E[C] = σ2Iq + (β2/p) bb⊤ = σ2(Iq + θ bb⊤) with θ = β2/(pσ2) as in Definition 4.1, so C is a spiked
sample covariance and Theorem 3.2 gives the stated limit and the threshold θ >

√
γ. The two

views agree because the squared-singular-value transition of the rectangular model and the spiked-
covariance transition share the same threshold and location, a coincidence verified directly in the
Wishart specialization of the finite-rank theory [7].

5.2 The discriminator: rank at fixed energy
The single-spike statement extends to rank r by applying it to the largest induced strength. The
detection of any spike is governed by maxi θi, because the leading eigenvalue of C tracks the
strongest planted direction.

Proposition 5.2 (Rank-at-fixed-energy discriminator). Fix the signal energy through τ =
∑r

i=1 θi.
Among rank-r signals of this energy, the leading induced strength satisfies maxi θi ≥ τ/r, with
equality when the energy is spread equally, θi = τ/r. Therefore:

1. An equal-energy, equal-strength rank-r update is spectrally detectable (Proposition 5.1) if and
only if

τ

r
>

√
γ ⇐⇒ r < r⋆, r⋆ :=

τ
√
γ
.

2. Consequently, a concentrated update with rm < r⋆ produces a supercritical spike above the bulk
edge, while an energy-matched diffuse update that spreads its budget approximately uniformly
over rank rb ≥ r⋆ keeps every direction subcritical and is asymptotically invisible. The test
separates a concentrated update from a diffuse one of equal energy; a high-rank update that
nonetheless places a supercritical share of its energy in a single direction is still detected.

Proof. The inequality maxi θi ≥ τ/r is the pigeonhole bound on a sum of r nonnegative terms, with
equality at the uniform allocation θi = τ/r. For the uniform allocation, every spike has strength
τ/r, so by Proposition 5.1 a detached eigenvalue exists if and only if τ/r >

√
γ, equivalently
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r < τ/
√
γ = r⋆. For statement (2): when rm < r⋆ the leading strength exceeds √

γ and a spike
appears, while a uniform allocation over rb ≥ r⋆ puts every strength at or below √

γ and no
eigenvalue detaches. The pigeonhole bound is one-sided, so invisibility requires the diffuse, near-
uniform allocation rather than rb ≥ r⋆ alone; a high-rank update concentrated in one direction has
maxi θi >

√
γ and is detected.

Proposition 5.2 is the conceptual core. At fixed magnitude, detectability is governed by rank: a
concentrated update is supercritical, an energy-matched diffuse update is not, and the boundary is
the critical rank r⋆ = τ/

√
γ. Conditional on Assumption 2, which assigns the misaligned fine-tune

the low rank and the benign one the high rank, this is a label-free separation. The proposition
proves the implication, and the experiment of Section 7 tests whether the ranks fall on the asserted
sides of r⋆.
Remark 5.3 (The uniform allocation is the benign best case). Spreading energy uniformly is the
allocation that minimizes the leading strength, hence the hardest case to detect. A benign update
need not be uniform, but if even the uniform allocation of its energy would be detectable then so
is the update; the proposition states the favorable-to-benign boundary. The substantive empirical
question is whether benign fine-tuning is diffuse enough, that is whether rb ≥ r⋆, not whether it is
exactly uniform.

5.3 Critical rank for representative layers
The critical rank r⋆ = τ/

√
γ depends on the layer through its aspect ratio γ and on the fine-tune

through the signal energy τ . Table 1 reports γ and r⋆ for the weight shapes of a standard 7B
transformer (hidden width 4096, feed-forward width 11008), at two illustrative signal energies.

Layer shape (p× q) γ = q/p r⋆ at τ = 4, 16

Attention {q, k, v, o} projection 4096× 4096 1.00 4.0, 16.0
MLP up / gate projection 11008× 4096 0.372 6.6, 26.2
MLP down projection 11008× 4096 0.372 6.6, 26.2

Table 1: Critical rank r⋆ = τ/
√
γ across layer shapes. Shapes are written as (rows × columns)

after the transpose of Section 2 that places q ≤ p, so γ = q/p is the smaller dimension over the
larger. A misalignment update of rank r is detectable in a layer if and only if r < r⋆ for that layer.

First, the rectangular feed-forward layers, with smaller γ, tolerate a higher-rank signal before it
disappears into the bulk, so they are the more forgiving place to detect a concentrated update; the
square attention projections impose the strictest concentration requirement. Second, the rank-one
adapter that suffices to induce emergent misalignment [17] sits at r = 1, far below r⋆ in every layer,
so its signal is well above threshold, whereas a benign update must spread the same energy over at
least r⋆ directions to stay hidden. The estimator of Section 6 therefore scans layers and reports the
per-layer standardized leading eigenvalue, with the prior that a signal, if present, is clearest where
γ is small and the layer’s signal energy is large.

5.4 Label-free identification
Detection establishes that a spike exists; the eigenvector identifies its direction.
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Proposition 5.4 (Label-free direction estimate). Under the conditions of Proposition 5.1 with
θ >

√
γ, the leading eigenvector v̂1 of C satisfies

|⟨v̂1, b⟩|2
a.s.−−→ 1− γ/θ2

1 + γ/θ
> 0,

where b is the planted signal direction. Thus v̂1 is a consistent-up-to-bias estimate of the perturbation
direction, computable from the model alone.

Proof. Immediate from Theorem 3.3 applied to the effective spiked covariance σ2(Iq + θ bb⊤) iden-
tified in the proof of Proposition 5.1.

Proposition 5.4 matters for validation. If the recovered direction v̂1 is the misalignment direc-
tion, then steering the model along ±v̂1 should modulate the misaligned behavior, a causal check
that the spectral signal is the behavior and not an artifact. This connects the spectral test to
the established finding that emergent misalignment is steerable along a single recovered direction
[18, 20], with the difference that here the direction is obtained from the spectrum without alignment
labels.

5.5 A calibrated test
Proposition 5.5 (Level-α spike test). Let H0 be the pure-noise null, ∆W = N with no signal
(Assumption 1 with θ = 0). Using the centering and scaling of Theorem 3.4, the test that rejects
H0 when

λ1(C)− µp,q

sp,q
> t1−α, t1−α = TW1 quantile,

has asymptotic false-positive rate α. Its resolution near the threshold is O(p−2/3): a spike within
O(p−2/3) of the bulk edge is not distinguishable from the null.

Proof. Under H0 the leading eigenvalue obeys the Tracy–Widom limit of Theorem 3.4, so the
standardized statistic exceeds t1−α with probability α in the limit. The resolution statement is the
p−2/3 scale of the fluctuations: the deterministic gap opened by a spike at strength √

γ + ϵ is O(ϵ)

by Proposition 5.1, which is detectable against O(p−2/3) noise only for ϵ ≳ p−2/3.

Proposition 5.5 supplies the missing piece that purely descriptive spectral statistics lack: a
decision rule with a controlled error rate and a stated resolution, derived from the null rather than
from a labeled validation set.

5.6 A subspace observable for rotation
Scalar spectral statistics, such as effective rank or the leading eigenvalue, are functions of the eigen-
values alone. It has been suggested that post-training reshapes representation geometry in ways a
magnitude test need not capture [27], so we add a complementary observable on the eigenvectors.

Definition 5.6 (Leading-subspace principal-angle distance). For two models with covariances
C,C ′, let Vk, V

′
k be the matrices of their top-k eigenvectors and let ρ1 ≥ · · · ≥ ρk be the singular

values of V⊤
k V ′

k, equal to the cosines of the principal angles between the two subspaces. Define the
Grassmann distance

dk(C,C
′) =

( k∑
j=1

arccos2(ρj)
)1/2

.
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Remark 5.7 (Calibrating the rotation observable). The distance dk is sensitive to signal that a
magnitude test misses, but it does not inherit the closed-form null of Proposition 5.5, and the
right contrast is not a spiked model against a no-spike model. The leading eigenvector of a no-
spike covariance is a delocalized edge vector, so a spiked and an unspiked model are already nearly
orthogonal in their leading directions, and d1 sits near its maximal value whether or not a spike is
present. The informative comparison is between two matched models, the misaligned candidate and
its energy-matched benign control, where a systematic excess of dk beyond finite-sample fluctuation
indicates that one model has rotated a leading direction the other has not. The null here, that the
two share a leading subspace up to sampling noise, has no simple closed form, so we calibrate dk by
the bootstrap and permutation of Section 6.2: resample probe inputs for the activation instrument,
or permute increment entries for the weight instrument, to obtain the distribution of dk under no
differential rotation, and report a systematic excess. An asymptotic theory of dk under a joint
spiked model of the two increments is left to future work.

The subspace observable is label-free in the same sense as the others: it compares two models,
not a model against labeled behavior. It is the natural instrument when the discriminator of interest
is reorientation of existing capacity rather than addition of new energy.

6 From theory to a label-free estimator
The propositions describe population limits. We now specify the finite-sample procedure, the
secondary instrument on activations, and the confounds that can counterfeit a spike.

6.1 The procedure
1. Form the increment. For each layer of interest compute ∆W = Wft−Wbase and the covariance

C = 1
p∆W⊤∆W . Record the aspect ratio γ = q/p.

2. Estimate the bulk. Fit the noise level σ2 from the bulk of the spectrum (for example by
matching the median eigenvalue to the Marchenko–Pastur median), not from the full trace, so
that a genuine spike does not inflate the estimated floor.

3. Test for a spike. Apply Proposition 5.5 with the fitted σ2. Report the standardized leading
eigenvalue, the implied spike strength θ̂ via inversion of Proposition 5.1, and the number of
eigenvalues above the edge as an estimate of the signal rank.

4. Match energy. When comparing a misaligned candidate to a benign control, rescale so
∥∆Wm∥F = ∥∆Wb∥F before comparing spectra, so the comparison is at fixed budget as Propo-
sition 5.2 requires.

5. Recover and test the direction. Take v̂1 from Proposition 5.4, map it back to a residual-
stream direction, and verify causally by steering. A direction that modulates the behavior is
evidence the spike is the behavior.

6. Check rotation. Compute the subspace distance of Definition 5.6 between matched models,
to catch signal carried by reorientation rather than magnitude.

6.2 Calibration by permutation
The Tracy–Widom calibration of Proposition 5.5 is exact only in the Gaussian limit, and real
increments are neither Gaussian nor infinite. We therefore calibrate the null empirically and use
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the Tracy–Widom law only as the asymptotic shape the empirical null approaches. Independently
permute the entries of ∆W , or independently flip their signs, which destroys any low-rank alignment
among the entries while preserving the entrywise marginal distribution exactly. Recompute λ1(C)
for many such surrogates to obtain an empirical null, and report the position of the observed λ1(C)
in that null as a p-value. The permutation null requires no distributional assumption, absorbs the
finite (p, q) and the true entry distribution automatically, and degenerates to the Tracy–Widom
law as p, q → ∞. A spike that does not clear the permutation null is not reported, whatever its
raw magnitude.

6.3 The activation-covariance instrument, and why it is secondary
One can run the same machinery on the activation covariance Σact =

1
n

∑
t hth

⊤
t of residual-stream

states ht over n probe tokens, comparing matched models. This is attractive because the causally
relevant misalignment direction is known to live cleanly in activation space; in the emergent-
misalignment organisms the weight-space adapter direction and the causal activation direction
are nearly orthogonal, with reported cosine near 0.04, yet ablating the activation direction removes
most of the behavior [18]. The activation covariance is therefore the right object for identification.

For detection, however, it is the weaker substrate, and we treat it as a heuristic secondary
instrument rather than a setting where Propositions 5.1–5.5 hold as stated. The reason is that the
activation covariance is strongly anisotropic even before any fine-tuning: a handful of directions
dominate, and a small number of coordinates carry outsized variance [37, 38, 39]. The isotropic-
bulk Assumption 1 fails, the closed forms of Theorem 3.2 no longer apply, and one must instead
separate the misalignment spike from a deformed, model-specific bulk edge using the generalized
spiked model for a non-identity base covariance [10]. The clean criterion “crosses the Marchenko–
Pastur edge” becomes “separates from an estimated deformed edge,” which is both weaker and more
fragile. The weight increment keeps the isotropy assumption defensible; the activation covariance
does not.

6.4 A sign analysis: reconciling an apparently opposite result
A recent result reports that fine-tuning on safety-degrading data raises the effective rank of a
model’s inference-time activations on harmful prompts, relative to benign tuning [26]. Read naively,
“misaligned means higher rank” is the opposite of our “misaligned means a low-rank spike.” The
tension dissolves once the object is fixed.

Effective rank [15] is exp(H) where H = −
∑

i πi log πi is the entropy of the normalized spectrum
πi = λi/

∑
j λj . Adding a single dominant spike to a covariance concentrates the distribution π,

lowers H, and therefore lowers effective rank. So our model predicts that a low-rank misalignment
signal, seen in the relevant covariance, lowers effective rank, which is what one would expect of a
concentrated perturbation.

The reported result concerns a different matrix. It measures the effective rank of the inference-
time activation matrix on harmful prompts, in a model that was fine-tuned on harmful content, with
no energy control. Our prediction concerns the rank of the weight increment ∆W , the cause, not
the diversity of downstream activations on triggering inputs, the effect. A low-rank cause is entirely
compatible with a higher-rank effect: a concentrated update can broaden the range of behaviors
the model expresses on the inputs that excite it. The two measurements are not the same quantity
and do not have to share a sign. We therefore commit to reporting both, the weight-increment
spike rank and the inference-time activation effective rank, and we do not claim more reconciliation
than this sign analysis supports.
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6.5 Confounds that counterfeit a spike
Several artifacts can produce a leading-eigenvalue excursion that is not a misalignment signal. The
estimator must control each.

• Outlier coordinates. A few residual-stream coordinates with very large variance [37] create a
top eigenvalue unrelated to any fine-tune. Control by per-coordinate standardization or robust
covariance before spectral analysis, and by working on ∆W where the effect is weaker.

• Energy leakage. An unmatched comparison detects “trained more,” not “trained misaligned.”
Control by the energy matching of step 4.

• Aspect-ratio regime. For very wide matrices or many probe tokens, γ → 0, the bulk collapses
to a point and every spike is nominally supercritical (√γ → 0). In that regime detectability
is trivial and the benign-versus- misaligned separation rests entirely on the rank argument of
Proposition 5.2, not on the threshold. Report γ explicitly and interpret the threshold only where
it is nontrivial.

• Heavy-tailed bulk. On raw weights the bulk is not Marchenko–Pastur [12]; the procedure
is defined on ∆W for this reason, and the bulk fit of step 2 should be checked against the
Marchenko–Pastur shape, falling back to Theorem 3.5 if it deviates.

7 The empirical program in brief
The theory makes the experiment unambiguous. We state only the commitments the theory forces;
the full protocol is the project plan.

The linchpin. Measure the rank of ∆W at matched energy for a benign control and a misaligned
model sharing a base, and locate both relative to r⋆ = τ/

√
γ. Assumption 2 predicts rm < r⋆ ≤ rb.

If instead the benign control is also low-rank at matched energy, the separation of Proposition 5.2
is empty and the approach fails for that organism. This single measurement is the one the program
cannot avoid, and it is the one no prior work reports.

Substrate. The matched comparison requires full fine-tuning, not low-rank adaptation. A rank-
constrained adapter fixes the rank of ∆W by construction, so it cannot exhibit a rank difference,
and its increment has no bulk for a spike to cross. Emergent-misalignment organisms exist as full
fine-tunes and as rank-one adapters [16, 17]; the rank-one adapters are useful for the identification
and steering checks of Proposition 5.4, but the detection claim of Propositions 5.1–5.2 must be
evaluated on full fine-tunes with a matched benign control trained under an identical recipe.

Prediction. Where Assumption 2 holds, the misaligned model shows a supercritical leading eigen-
value in ∆W at a layer where the benign control does not, the recovered v̂1 steers the misaligned
behavior, and the subspace distance between misaligned and benign models exceeds the null. Where
it fails, one or more of these do not occur, and the theory says exactly which.

8 Assumptions, limitations, and threats to validity
We list the ways the program can be wrong, beyond the confounds of Section 6.5.
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1. The antecedent may be false. Assumption 2 is the bet. If misaligned and benign fine-tunes
are equally concentrated at matched energy, rank does not discriminate and the method has no
signal. This is measurable, and measuring it is the linchpin.

2. Anisotropy on activations. The isotropic-bulk assumption is defensible for ∆W and not
for activation covariance, which is why the latter is secondary (Section 6.3). The generalized
spiked model is the correct tool there and is not developed in this document.

3. Heavy tails on raw weights. The Marchenko–Pastur null is for the increment, not the
trained weight [12]. Applying the threshold to raw weights would be mis-specified.

4. Narrow versus broad misalignment. Broad emergent misalignment may occupy a different,
more concentrated region of weight space than a narrowly scoped misalignment [16]; the spectral
signature may be present for the former and weak for the latter. The method’s reach is an
empirical question of which misalignments are low-rank.

5. Deception is not misalignment. Probes that read a gap between a model’s internal belief
and its statement catch instrumental liars but largely miss models with an internalized objective,
which present no such gap [36]. Our target is the internalized case, which is the regime where
behavioral probes are weakest; this is the method’s positioning, and it also means the method
cannot borrow a belief-gap signal. The spectral signal, if it exists, is structural, present in the
weights whether or not the model ever “intends” to deceive.

6. Evasion. A spectral monitor is still a monitor. A model trained against it, or with knowledge
of it, may be able to spread its misalignment update over higher rank to stay below threshold,
the precise move the rank discriminator describes, or to push signal into a benign-looking
subspace, as latent-space monitors have been evaded elsewhere [35]. We claim no robustness
to an adaptive adversary and treat robustness as a hypothesis to be tested against such an
adversary, not a property of the method.

7. Finite-size and regime gaps. The limits are asymptotic. Real layers have finite p, q, the
increment is one “sample” in a sense the covariance construction has to make precise, and the
Tracy–Widom calibration assumes Gaussianity that holds only approximately. These affect the
constants and the resolution, and the calibration should be checked by simulation on shuffled
increments.

9 Related work
Spectral fingerprints of models. Heavy-tailed self-regularization reads model quality from
weight spectra without data or labels, and names a “bulk plus spikes” phase [12]. Our framing
inherits its vocabulary and turns it to a different target, misalignment, with a different object,
the increment, and a different theory, the BBP threshold rather than a power-law tail index. The
closest prior work ties weight spectra, activation covariance, and fine-tuning together on transformer
language models and finds that fine-tuning refines the model in the small-singular-value directions
[14]; we differ in asking for a benign-versus-misaligned contrast at matched energy, which that
work does not consider. Spectral fingerprints have also been used for model lineage in a way
deliberately invariant to fine-tuning [40], the opposite use to ours. Random-matrix descriptions of
network spectra have precedent in the analysis of loss-surface Hessians [11] and in the local spectral
statistics of trained weight matrices, which stay random-matrix-like even where the global density
is not [13].
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Spectral and random-matrix detection. Spectral outlier scores detect data poisoning from
learned representations, per input rather than per model [29]. Random-matrix statistics have
been applied to hallucination and out-of-distribution detection in language models, again per input
[28]. Neither addresses a per-model misalignment verdict, and neither uses the rank-at-fixed-energy
argument.

The structure of emergent misalignment. Emergent misalignment, in which narrow fine-
tuning induces broad misalignment [16], is mediated by a single convergent linear direction [18],
inducible by a rank-one adapter [17], controllable through a small set of persona features [19, 20],
and supported in weight space by a shared low-dimensional subspace across tasks [21]. This body
of work establishes the low-rank structure we rely on, with labels; our contribution is to detect
it without labels, to model it as a BBP-crossing spike, and to make rank at fixed energy the
discriminator. The single-direction phenomenon is part of a broader pattern in which alignment-
relevant behaviors are low-dimensional, as for refusal [22], and fine-tuning itself is low intrinsic
dimension [23, 24].

Geometry of fine-tuning and safety. A complementary line analyzes how fine-tuning breaks
safety through low-rank curvature subspaces and argues that benign tasks can also degrade align-
ment [25]; this is a foil for the clean separation we hypothesize and a reason to take the benign-
side measurement seriously. The representation-geometry of post-training has been mapped with
effective-rank and spectral-slope observables, establishing that post-training changes geometry [27];
we position our claim narrowly as detection in matched models, not the more general and now-
established statement that post-training moves the spectrum.

Behavioural and label-based detection. Supervised probes detect deception at high accuracy
when labels and the distribution are available [30, 32], and interpretability-driven audits surface
hidden objectives given sufficient access [31]. Unsupervised methods that search for latent knowl-
edge exist [33], but arbitrary features can satisfy their consistency constraints [34]. Our method is
complementary: it targets the label-free, unknown-distribution regime where the supervised results
do not apply, and where labels exist and the distribution is known a probe should be expected to
do better.

10 Conclusion
We have given a random-matrix account of when fine-tuning is spectrally visible, and used it to
isolate a single sharp claim: at controlled energy, rank discriminates a concentrated update from a
diffuse one, with an explicit critical rank r⋆ = τ/

√
γ and a calibrated test. The theorems prove that

if misaligned fine-tunes are low-rank and energy-matched benign fine-tunes are diffuse, the spectral
test separates them and recovers the misalignment direction without labels. The hypothesis that
real fine-tunes fall on the asserted sides of r⋆ is the one the empirical program must establish, and
the benign-side rank at matched energy is the measurement on which the entire approach rests.
We have converted a vague hope, that spectra reveal misalignment, into a falsifiable conditional
with a named experiment that can refute it.
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